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Expansion chambers with single-inlet and double-outlet provide desirable
broadband acoustic attenuation similar to simple (single inlet/outlet) chambers
and reduce the flow noise and back pressure in exhaust systems. The present study
develops a three-dimensional analytical approach to determine the transmission
loss of circular expansion chambers with single-inlet and double-outlet, which
couples the continuity conditions of the acoustic pressure and particle velocity at
the inlet and outlets with the orthogonality relations of Fourier-Bessel functions.
The analytical results are compared with the boundary element predictions. The
acoustic attenuation of the expansion chambers with single-inlet and double-outlet
is then investigated in detail as a function of the chamber length and the locations
of inlet and outlets.
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1. INTRODUCTION

The expansion chambers have been extensively used as silencers in the exhaust
systems of internal combustion engines. A number of analytical and experimental
studies have investigated the effect of geometry on the acoustic attenuation
performance of conventional expansion chambers (with single inlet/outlet) (see, for
example, reference [ 1-5]). The studies on the circular configurations demonstrated
that the long expansion chambers exhibit repeating attenuation domes dictated by
reflections in the axial direction below the cut-off frequency of the first higher order
mode, while the short expansion chambers show the dominant wave propagation
along the transverse direction. Numerical techniques, such as the finite element
method (FEM) [6, 7] and the boundary element method (BEM) [8-10], have also
been successfully used to predict the acoustic attenuation performance of expansion
chambers. For the expansion chambers with single inlet/outlet, the boundary
element predictions of transmission loss show a good agreement with the analytical
and experimental results [1, 3].

For a given chamber size, reducing the duct diameters would increase the
acoustic attenuation of airborne sound as a result of increases in the wave
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reflections. This would, however, compete with the need to control the
aerodynamic noise and to keep the back pressure at reasonably low levels. The flow
noise (power), for example, due to spoilers inside the ducts has been shown to be
proportional to U3f(Ma) [11], where U is the average velocity in the duct and Ma
is the Mach number. For plane wave propagation below the first cut-off frequency,
f(Ma) = Ma, whereas f(Ma) = Ma?® above this frequency. Measurements of flow
noise in engine exhaust systems [12, 13] have yielded typically f(Ma) = Ma'*5, in
agreement with the range defined by Nelson and Morfey [11] at relatively low
Mach numbers ( < 0-3). The source of flow losses in the silencers, such as expansion
chambers, is predominantly the flow separation from walls. Pressure drop for this
mechanism is usually proportional to U2 The energy losses due to different
elements then add up to generate the back pressure engine cylinder experiences in
the exhaust ports. The higher backpressure increases the pumping work, thus
reduces the engine performance. Both flow noise and back pressure are then
strongly dependent on the velocity, typically playing a significant role from
mid-speed range on. The increase in the exit cross-sectional area with double-outlet
expansion chambers reduces the velocity, and therefore is expected to improve on
the flow noise and backpressure.

It appears, however, that the acoustic attenuation performance of the foregoing
chambers with double-outlet has not been investigated in detail. The objective of
the present study is to develop a three-dimensional analytical approach to determine
the transmission loss of the circular expansion chambers with single-inlet and
double-outlet in the absence of mean flow, and then use this approach to investigate
the effect of the chamber length and the locations of inlet and outlets on the
acoustic attenuation performance of expansion chambers. The present work also
employs the BEM to examine the analytical approach.

Following the Introduction, section 2 describes the analytical approach, section
3 compares transmission loss results from the analytical approach with the
boundary element predictions and discusses the effects of the chamber length and
the locations of inlet and outlets on the acoustic attenuation performance of the
circular expansion chambers with single-inlet and double-outlet. The study is
concluded in section 4 with some final remarks.

2. ANALYTICAL APPROACH

The analytical solution to the Helmholtz equation for three-dimensional sound
propagation in a cylindrical duct is described in Appendix A. For a circular
expansion chamber with single-inlet and double-outlet ducts shown in Figure 1,
equations (A2), (A3), (A5) and (A6) can then be used for acoustic pressures and
particle velocities in the inlet duct, expansion chamber and outlet ducts.

At the expansion, the pressure and velocity continuity conditions reveal

(P4 + Pp)l.,=0 = (Pc + Pp)l.,=o (on Sy), (1)

(Us+ Up)lz,=0 = (Uc + Up)l.,=0 (on Sy), (2
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|

Figure 1. Circular expansion chamber with single-inlet and double-outlet.

and the velocity boundary condition requires
(Uc + Up)lz,=0 =0 (on S —S,). A3)
Similar to the simple expansion chamber [2], multiply both sides of equation (1) by
J(ori/a)e " and integrate over S; to get, for t=0, 1,..., oo and
s=0,1,..., oo,
[Athr + BIJ;]( /2 (1 - tz/ats ata Z Z C;n + Dmn Jm+t( mnél/a
+ Z Z Cm7n + D;n)( - 1)t Jm—t(amnél/a)mla (4)
n=0

multiplying both sides of equation (1) by J (a1 /a;)e? and integrating over Sy, the
following equation can be obtained, fort =1,2,..., 0 and s =0, 1, ..., oo

[As + B/ — /o2 ] (o) i ic,:nw;m( 1T (1 /)R

£ Y (Con + Do s s /)Ry, )

m=1n=0

where

{((xmnal/a) J;((xmna1/(’1)/|:((th/a1)2 - ({an/a)zj fOI‘ “mn/a 7é (xts/ala
P @)1 — o) g o) fOr G/t = tysfaly.
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For the velocity conditions, multiply both equations (2) and (3) by J,(osr/a)e
and integrate them over S; and S — S;, respectively, and then add these two
integral equations to yield, fort =0,1, ..., c0 and s=0,1, ..., o0,

[ee]

Z Z kl,mn(Ar:n - Br:lrn)‘]m+t(octs51/a)m2

m=0n=0

+ Z Z kl,mn(Ar;n - Bn;n)( - 1)tJm—t(octs51/a)m2

m=1n=0

= ki[Cis — Dis1(a?/2)(1 — £2/o) T2 (eu), (6)

multiply both equations (2) and (3) by J,(or/a)e’" and integrate them over S; and
S — S, respectively, and then add them to get, for t=1,2,..., c0 and
s=0,1,..., oo,

0 0

Z Z kl,mn(Ar:lrn - Br:n)(_ l)tJm—t(OCtsél/a)iRZ

m=0n=0
+ Z Z kl,mm(Ar;n - Br;n)Jm+t(ats51/a)m2
m=1n=0

= kis[Cis — Dy 1(a@?/2)(1 — £2/05) J? (00), (7)

where

) =

{(O‘tsal/a) Jm({xmn) J;n(octsal/a)/[(ozmn/a1)2 - (ats/a)zj for (xmn/al #* (xts/a:
(a%/2)(1 - mz/arznn) Jrzn(amn) for OCmn/al = Octs/al 5

and ky ym = k[1 — (etum/ka,)*]*/? is the axial wavenumber in the inlet duct.
At the contraction, the pressure and velocity continuity conditions reveal

(Pc + Pp)l-,=1 = (Pg + Pp)l-,=0 (on Sy), t)
(Pc + Pp)lz,=1 = (Pg + Pp)l-,=0 (00 S35), ©)
(Uc + Up)lz,=1 = (Ug + Up)lz,=0 (00 S5y), (10)
(Uc + Up)lz,=1 = (Ug + Un)lz,=0 (00 S3), (11)

and the velocity boundary condition requires

(Uc+ Up)l.,=1=0 (on S — 851 —85,). (12)
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For the pressure conditions at outlets, using the same procedure as the inlet,
equation (8) gives, fort =0,1,..., 0 and s =0, 1, ..., oo,

o0
Z (Cntneijkm"l + Dm+nejkm"l)Jm+t(amn521/a)eiJm6219{3
m=0n=0

s

+ Z Z (C,;ne—jkmnl + D,;,,Cjk"'"l)(— 1)1Jm—t(amn52l/a)ejmoum:l,
m=1n=0

= (B + Fi)(@a31/2)(1 — /o) I {ous), (13)

and fort=1,2,..., 0 and s=0,1, ..., oo,

(Cr_r't—ne_jkml + Dr-n'—nejk"'"l)( - 1)1Jm7t((xmn(321/a)e_jmo“iRs

s

)

m=0n=0

© o
+ Z Z (C,;ne_jkm,,l + Dm_nejk"ml)Jm+t(amn521/a)ejm9“9{3
=1n=0

= (Eis + Fis)(a31/2)(1 — /09I {ous), (14)
where
B {(amnam/a)%(amnam/a)/ [(0s/@21)? — (@tma/@)*] fOr Syn/a # /151,
P @312 — 2/22) oes) fOr thp/a = o4g/dry .
Similarly, equation (9) gives, for t =0,1,..., oo and s=0, 1, ..., oo,

(Cn-:ne_jkmnl + Dr-r'l—nejkml) Jm+t(amn522/a)e_jmozzm4

M8
M8

m=0n=

+ Z Z (Cr;ne_jkm"l + Dn:nejkmnl)(_ l)t‘]m—t(amnézz/a)ejmozzm‘t
m=1n=0

= (Gis + Hy)(a32/2)(1 — /o) T ou). (15)

and fort=1,2,..., 0 and s =0, 1, ..., oo,

(Cn-:ne_jkmnl + Dr-rtnejkm"l)( - l)tJm—t(amnézz/a)eijmoni}{‘t

s
s

m=0n=0

0 0
+ 2 2 (Coue ! 4 D) g, (0622 /a)e 2R,
=1n=0

= (Gys + Hy5)(a32/2)(1 — £2/03) J (), (16)
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where

_ {(amnaZZ/a)J;(amnaZZ/a)/[(ats/aZZ)z - (Ocmn/a)z] for O(mn/a 7 ats/a227
P @32 = o) o) for o/ = o/azs.

For the velocity conditions, multiply equations (10), (11) and (12) by
J(asr/a)e 30 dS, and integrate them over S,;, S,, and S — S,; — S,,, respectively,
and then add these three integral equations to give, for t =0,1, ..., co and
s=0,1,..., oo,

kzs[Czﬁefjk“l — Dy ejk“l] (a2/2)(1 - tz/“tzs)t]tz(o‘ts)

= Z Z k21,mn(Er:1—n - F‘n-'1—n)t]m+t(cxts521/a)9{56jt021

m=0n=0

+ 3 Y KatnEan — Fad(— 1 {021 /@) R
m=1n=0

+ Z Z k22,mn(G;:n - H;n)Jm+t(0618522/a)i}{6€jt022
m=0n=0

+ 3 Y ko Goon — Hona) (— 1 Ty (10 22/0) R (17)
m=1n=0

Similarly, multiply equations (10), (11) and (12) by J(o,sr/a)e®® dS, and integrate
them over S,;, S,, and S — S, — S,,, respectively, and then add them to get, for
t=1,2,..., 0 ands=0,1,..., oo,

kis[Cse™ ! — D g ed"](a?/2)(1 — t2/0) J7 (ou)

= Z Z kZl,mn(Er:l—n - Fn-:n)( - l)t‘]m—t(oct8521/61)9‘{56'].“921

m=0n=0

+ Z Z kZl,mn(Ey;n - F";")Jert(ats&Zl/a)g{Sejwz‘
m=1n=0

+ Z Z k22,mn(Gi:n - Hr:n)( _1)tJm—t(octs622/a)iR66jt022
m=0n=0

+ Z Z kZZ,mn(Grr_m - Hr;n)Jert(azs522/a)‘ﬁ6ejt0“, (18)
m=1n=0

In equations (17) and (18),

. {(O(tsazl/a)Jm(amn)J;n(atsaZ 1/(1)/[(0(,,,,,/6121)2 - (O(ts/a)2] for OCmn/aZl # oc,s/a,
T L@2)(0 = M) T ) for o/az: = %/a,

_ {((xtsazz/a)Jm(amn)J;n(O‘tsazz/a)/[((xmn/aZZ)z - (Octs/a)z:l fOI‘ Oﬁmn/azz 75 OC,S/CI,
© 7 W@32/2)(1 — m?/02) T2 () fOr Opy/zs = 00s/al,
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and kyq = k[1 — (tpn/kaz1)*1"%,  kazmn = k[1 — (cyun/kaz,)*]1? are the axial
wavenumbers in outlet ducts.

To determine the transmission loss of the expansion chamber with double-outlet:
(1) the dimensions of the inlet duct are assumed such that the incoming wave A is
planar, and its magnitude Ag, is chosen to be unity for convenience, and (2) the
anechoic terminations are imposed at the two exits of the chamber by setting the
reflected waves F and H to zero. Thus, equations (4)-(7) and (13)-(18) give a large
(theoretically infinite) number of relations 5(2t + 1)(s 4+ 1) for a large number of
unknowns 5(2m + 1)(n + 1). The unknowns are the pressure magnitudes for
incident and reflected waves in the inlet duct, chamber, and outlet ducts
(Buns Cuns Dyns Enin and G,,,,.). Since the higher modes have a diminishing effect on
the solution, t and m can be truncated to p terms and s and n to ¢ terms, resulting in
52p + 1)(g + 1) equations with 5(2p + 1)(q¢ + 1) unknowns. The number of terms,
p and ¢, needed for a converged solution depend both on the magnitude of the area
transition and the length of the chamber. For the geometries and frequencies
investigated here, p =5 and ¢ = 5 were found to be sufficient. Once equations
(4)—(7) and (13)-(18) are solved, the transmission loss is determined in the centers of

ducts by
2
} . (19)

Note that the non-planar modes leaving the chamber in outlet ducts will decay
rapidly over a short distance due to smaller duct dimensions. The distance is chosen
so that the effect of higher order modes on the transmission loss is negligible.

Setting p = 0 and ¢ = 0 in equations (4), (6), (13), (15) and (17) readily gives the
transmission loss for one-dimensional propagation inside an expansion chamber
with double-outlet as

2
TL=101og10[ﬂ<1+@> +ﬂ(m%—1)<1—%>sin2kz} (20)

4m1 4m1 2

2

TL = — 101Og10{(a21/al)2 + (a22/a1)2

)4
Z E(‘)" e_jkzuo"lz
n
n=0

)4

Z Ga' e_.ikzzgm.lz
n

=0

n

where m; = a*/a} and m, = a?/(a3; + a3,). Within one-dimensional limitation,
equation (20) is applicable for arbitrary number of outlets after accounting for the
total area within the definition of m,. For m; = m, = m, equation (20) reduces to
the well-known limit of the simple expansion chamber:

1 1\ .,
TL = 1010g10[1 +Z<m _n_1> sin kl}. (21)

3. RESULTS AND DISCUSSION

Two chambers are considered here with [/d = 0205 (short chamber) and
l/d = 1-843 (long chamber), and both with d = 1532 cm, d; = d»; = d,, = 4-86 cm.
The length and diameter of the expansion chamber were chosen to match two of the
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nine configurations fabricated for the experiments of Selamet et al. [1,3]. Figures
2(a)~(d) compare the transmission loss of the short expansion chamber with
double-outlet (I/d = 0-205) from the present analytical approach and the boundary
element method. The results are nearly identical throughout the frequency range of
interest, supporting the validity of the present analytical approach. Also included in
Figure 2 (as well as Figures 4 and 6) are the results from one-dimensional (axial)
predictions in dotted lines for comparison purposes. The short chambers with
double-outlet of Figures 2(a)-(d) clearly show no similarity between the
one-dimensional (axial) and three-dimensional predictions due to dominant
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Figure 2. Transmission loss of short expansion chamber with offset inlet (//d = 0-205, 6; = 510 cm,
032 = 510 cm): ——, 3-D analytical; ———, BEMj e > 1-D analytical. (a) 6,; = 510 cm, 05, = 0°,
922 = 1800, (b) 521 =510 cm, 921 = 900, 922 = 18()O, (C) 521 =510 cm, 921 = 900, 922 = 2700, (d)
021 =0cm, 0,; =0° 0,, =90°.
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Figure 2. Continued.

transverse propagation. Figures 2(a) and (b) resemble the dome-like behavior due
to one-dimensional propagation in the transverse direction within the chamber
with a smaller effective expansion ratio, while Figures 2(c) and (d) show the
dominant resonant peak, typical of a side-branch resonator. These characteristics
are similar to that of the short expansion chambers with single-outlet. Figure
3 compares the analytical transmission loss results for the chambers with
double-outlet (the configurations of Figure 2(b) and (c)) and those with single-outlet
(180 and 90° offset). Both configurations have the same dimensions (length and
diameter of chamber, diameters of inlet and outlet ducts). Except for the smaller
acoustic attenuation due to smaller contraction ratio, the chamber with
double-outlet of 0,; = 90° and 0,, = 180° shows the dome-like behavior similar to
the chamber with 180° offset single-outlet, while the chamber with double-outlet of
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Figure 3. Transmission loss of short expansion chambers (I[/d = 0-205) with offset inlet: ——,
double-outlet (0,; = 90°, 0,, = 180°; from Figure 2(b)); —---- , single-outlet (180° offset); — —,
double-outlet (0,; = 90°, 0,, = 270° from Figure 2(c)); - - -, single-outlet (90° offset).

0,1 =90° and 0,, = 270° reveals the dominant resonant peak behavior similar to
the chamber with 90° (or, equivalently 270°) offset single-outlet.

The transmission loss of the long expansion chamber with double-outlet
(I/d = 1-843) depicted in Figures 4(a)-(d) illustrate a good agreement between the
analytical approach and the boundary element predictions. Figures 4(a)-(d) show
the repeating one-dimensional attenuation dome behavior below the cut-off
frequency of the first asymmetric (1, 0) mode. The acoustic attenuation in Figure
4(a) is reduced drastically as the multi-dimensional propagation begins to dominate
above the cut-off frequency of the (1, 0) mode. This is due to the fact that the offset
outlet arrangement with 6,; = 0° and 0,, = 180° can not eliminate the detrimental
effect of (1, 0) mode. The attenuation in Figure 4(b) is similar to Figure 4(a), because
the 180° offset outlet cannot eliminate the effect of the (1, 0) mode, although the 90°
offset outlet has some impact on it. The effect of the asymmetric mode (1, 0)
observed in Figures 4(a) and (b) could partially be eliminated by setting 0,; = 90°
and 0,, = 270°. As illustrated in Figure 4(c), the transmission loss increases over
the cases of Figures 4(a) and (b), particularly in the frequency band between the
(1, 0) and (2, 0) modes. While the concentric outlet is expected to improve the effect
of all asymmetric modes, the attenuation behavior in Figure 4(d) remains, in
general, similar to that in Figure 4(c). Figure 5 compares the analytical transmission
loss results for the long chambers with double-outlet (the configurations of Figures
4(b) and (c)) and those with single-outlet (180 and 90° offset). Below the (1, 0) mode,
the chambers with double-outlet exhibit the same number of domes as those with
single-outlet. The attenuation with double-outlet is reduced somewhat due to a
smaller contraction ratio. Above this mode, the chamber with double-outlet of
0,5, =90°and 0,, = 180° shows a low attenuation similar to the chamber with 180°
offset single-outlet, while the chamber with double-outlet of 6,; =90° and
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0,, = 270° reveals an improved attenuation similar to the chamber with 90° offset
single-outlet.

In order to investigate the acoustic attenuation performance of expansion
chamber with concentric inlet, the present three-dimensional analytical approach is
applied to one specific configuration (I =12in, d =61in, d; =d,; = d,, = 1 in,
0,, =0° and 0,, = 180°) where the length and diameters match the configuration
of the simple chamber with concentric inlet in reference [3]. Figure 6(a) (05, = 0°,
0,, = 180°, 0,1 = 9,5, = 2:60 cm) shows the repeating dome behavior below the
cut-off frequency of the first radial (0, 1) mode and the drastic reduction above this
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Figure 4. Transmission loss of long expansion chamber with offset inlet (I/d = 1-843, 6; = 510 cm,
025 = 510 cm): ——, 3-D analytical; ———, BEM; = > 1-D analytical. (a) d,; = 510 cm, 0,, = 0°,
022 = 1800, (b) (521 =510 cm, 921 = 900, 922 = 1800, (C) (521 =510 cm, 921 = 900, 022 = 2700,
(d) 62y =0cm, 0,; =0° 0,, =90°.
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Figure 4. Continued.

mode, while Figure 6(b) (0,; =0°, 0,, = 180°, 951 = 05, = 0:6272a = 4-78 cm)
extends the effective attenuation bands to the cut-off frequency of the (0, 2) mode.
The improvement in Figure 6(b) is due to the fact that the two outlets are located on
the pressure nodal circle of the (0, 1) mode, which eliminates the effect of this mode
to a large extent. Figure 7 compares the analytical transmission loss results for the
chamber with double-outlet (the configuration of Figure 6(b)) and the chamber with
single-outlet (J,,:., = 478 cm). The observations in this figure for concentric inlets
are similar to those with offset inlets discussed earlier.

As with the simple expansion chambers, the relationship between the //d ratio of
the chamber and the number of repeating attenuation domes, kl/x, before higher
order modes begin to dominate, may be expressed as

kE_ 2% <l> (22)
T t \d
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For the expansion chambers with offset inlet, the number of domes can be
approximated by substituting ;o = 1-841 into equation (22). By setting 90° relative
offsets between inlet and outlets (or concentric and 90° offset outlets), the effect of
the (1, 0) mode can partially be eliminated and the effective attenuation band is
extended approximately to the (2, 0) mode; therefore, the number of domes (by
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Figure 5. Transmission loss of long expansion chambers (I/d = 1-843) with offset inlet: ——,
double-outlet (0,; = 90°, 0,, = 180°% from Figure 4(b));, —-—-— , single-outlet (180° offset); — —,
double-outlet (0,; = 90°, 0,, = 270°; from Figure 4(c)); - ——, single-outlet (90° offset).
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Figure 6. Transmission loss of expansion chamber with concentric inlet (I/d =20, ; = 0 cm,

0,1, =0° 05, =180°): ——, 3-D analytical; ............ , 1-D analytical. (a) 0,; = 05, = 2:60 cm; (b)
621 = (322 =478 cm.
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Figure 6. Continued.
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Figure 7. Transmission loss of expansion chambers with concentric inlet (I/d = 2:0): ——, double-

outlet (from Figure 6(b)); ———, single-outlet (3, = 4:78 cm).

ignoring the numerous peaks) can be estimated by substituting «,, = 3-054 into
equation (22). For the chambers with concentric inlet, the number of domes can be
estimated by substituting ay; = 3-832 into equation (22). Offsetting two outlets by
a radial distance of 0-6276 times the radius of the chamber eliminates the effect of
the (0, 1) mode significantly. The effective attenuation band is then extended to the
(0, 2) mode, approximately, thus the number of domes (by ignoring the numerous
peaks) can be found by using oy, = 7-016 in equation (22). The number of 1-D
(axial) attenuation domes in Figures 2, 4 and 6 is consistent with equation (22).
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4. CONCLUDING REMARKS

A three-dimensional analytical approach is presented for the prediction of
acoustic attenuation performance of circular expansion chambers with single-inlet
and double-outlet, and compared with the boundary element predictions. The
short chambers exhibit the dominant transverse propagation, while the long
chambers show the repeating dome behavior. The number of domes (by ignoring
the numerous peaks) can be approximated by introducing the value of
corresponding o, into equation (22). For the same dimensions (length and
diameter of chamber, diameters of inlet and outlet ducts), the double-outlet
expansion chambers with offset inlet are shown to yield an acoustic behavior
similar to offset single-outlet chambers: 90° configuration if the effect of the (1, 0)
mode can be eliminated, 180° configuration otherwise. The double-outlet
expansion chambers with concentric inlet also exhibit an attenuation similar to
single-outlet chambers with concentric inlet. The slight reduction in acoustic
performance of double-outlet mufflers is expected, in general, to be more than offset
by their potential advantage in terms of reduction of flow noise and backpressure.
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APPENDIX A: SOUND PROPAGATION IN CIRCULAR DUCT

The three-dimensional sound propagation in a duct with no bulk flow is
governed by the well-known Helmholtz equation [14]

V2P + k*P =0, (A1)

where P is the acoustic pressure, k is the wavenumber. The acoustic pressure can be
expressed, for a wave C travelling in the positive z-direction in a circular rigid duct
of radius a, as

o0 o0

Pc= Z Z C,Z,,Jm(ocmnr/a)ejmoefjkm.,z+ Z Z C,;nJm(OCmnV/a)ejmeejk"’"z,

m=0n=0 m=1n=0

(A2)

and, for a wave D travelling in the negative z-direction, as

o0 o0 o0 o0
Pp= 3, D (ot /@)e ™30T ImE 4NN D TG /@) T I

m=0n=0 m=1n=0

(A3)

where C,\,, Cpms D,f, and D,,, are the complex coefficients with the superscripts
+ and — designating the positive and negative 6 directions; (r, 0, z) is the
cylindrical co-ordinates; J,,(x) is the Bessel function of the first kind of order m;
% 18 the root satisfying the radial boundary condition of J,,(o,,,) = 0; m and
n denote the asymmetrical and radial mode numbers; and

kinn = k[ — (0tn/ka)*]'/ (A4)

is the axial wavenumber of the mode (m, n). For a rigid duct, a propagating wave
has k > o,,,/a so that k,,, is real and e ~ %~ does not decay in z; an evanescent wave
has k < a,,,/a so that k,,, is negative imaginary and e ~#*»* decays exponentially in z.
The axial particle velocities for waves C and D are obtained from the linearized
momentum equation, joowU = — 0P/0z, as

1 L & . .
UC = { Z Z kmn Cr:n Jm(amn r/a)e 7Jmee o
pw m=0n=0

+ 2 X kmnCanm(amnV/a)ejmoej"“"z}, (A5)

m=1n=0
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and

RS k,,mD,;,,Jm(am,.r/meJ‘mﬂel‘sz}, (A6)

where p is the medium density, and w is the angular frequency.

APPENDIX B: NOMENCLATURE

a
ay
Az1, Az

A,B,C,D,E,F,G H

J

Jn(X)

kmn

kl,mm

k2 1,mn> k22.mn

QS S I

(ra 0, Zl)

(r1, @, z1)
S

Sy

radius of chamber

radius of inlet duct

radii of outlet ducts

pressure coefficients

=,/ — 1, imaginary unit

Bessel function of the first kind of order m
axial wavenumber in chamber

axial wavenumber in inlet duct

axial wavenumbers in outlet ducts

length of expansion chamber

asymmetric mode number

radial mode number

number of m-terms after truncation
acoustic pressure

number of n-terms after truncation
cylindrical co-ordinate system for chamber
cylindrical co-ordinate system for inlet duct
orthogonal expansion terms

cross-sectional area of chamber
cross-sectional area of inlet duct
cross-sectional areas of outlet ducts
orthogonal expansion terms

axial particle velocity

zeros of J,,(c,) = 0

inlet offset distance from the center of chamber
outlet offset distances from the center of chamber
relative angles between inlet and outlets
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